In this paper, we investigate the structural properties of balanced realizations, and their truncation, of a class of systems with symmetric interconnected and identical structure. It is established that the balanced realizations of such symmetric composite systems can be constructed via the balanced realizations of two auxiliary systems of comparatively low dimensions. The corresponding truncated realizations, which also have a certain symmetric structure, are explicitly constructed.
Introduction
In many naturally evolving large-scale systems such as biological systems, social systems and management systems, a frequently observed fundamental feature is that some subsystems commonly possess similar structure. This also occurs widely in engineering systems, for example in the stabilization problem for a power system in a plant with identical units [AC91], the voltage control of the feeding nodes in an electric power system consisting of connected synchronous machines [BL88] , and the control design of industrial manipulators with several degrees of freedom [VS82] . More recently, the output regulation problem for this class of large-scale systems was investigated [Liu92] (see [YZ95b] for more references). From the modelling and synthesis point of view, such a large-scale system may contain weakly controllable and weakly observable modes that do not contribute much to the input-output characteristics of the system. To reduce the effort of computation as well a s controller implementation, it is necessary to look for low-order representations of these systems. In particular, we would like to consider reduced-order models which preserve the symmetrically interconnected structure.
Balanced realization truncation has been an important technique for model reduction of stable systems. It was first introduced to the control engineering field by Moore [Moo81] . The underlying ideas involve Principal Component Analysis which has been widely used in statistical analysis and Kalman's controllable/observable canonical realization of a system. The method was further analyzed by Pernebo and Silverman [PS82] . Apart from the apparent successes in many practical engineering applications, the method is also theoretically appealing due to the existence of a prior error bounds calculated based ' This work has been supported by RGC Grant HKU 544/963.
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In this paper, we study the construction of balanced realizations of symmetric composite systems. In particular, we exploit their symmetric interconnected structure in the balancing procedure which significantly reduce the effort of computation. This paper is divided into four sections. The mathematical description of the symmetric composite systems and preliminary results are given in Section 2. In Section 3, the construction of a balanced realization of a symmetric composite system via the balancing of two modified subsystems is described. Also, the structure of its truncation is studied. Finally, conclusions are given in Section 4.
Model Description and Preliminary Results
Consider a finite-dimensional linear time-invariant interconnected system which is composed of N ( N > 1) identical subsystems with the overall state-space description given by k = Aa:+Bu [mo mi "-1
Then T R ( q , N ) is a real orthogonal matrix, and the following result holds. 
In other words, For the case with N even, the result follows through a E .. 
Main Results
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In this section, we present the construction of the bal-E -Eo ] anced realization of a symmetric composite system. Then we consider the structural properties of its truncation. To achieve these tasks, two auxiliary systems are defined 
where Vi is orthogonal. The balancing transformation T,
is a (ordered) balanced realization, is given by
The balanced system has controllability and observability grammians both equal to Ci which satisfies Hankel singular values to be ordered in Xi.
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The following theorem provides an explicit way for constructing a balanced realization of the composite system (A, B , C) based on the balanced realizations of (A,, B,, CO) and ( A p , B p , CO).
Theorem 1 A balanced realizatzon of (A, I?, C ) is given by
where
which is the controllability/observability grammian of the balanced realzzation.
Proof: With P, and Qz in (1) and (2), the following are defined.
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By Lemma 1, it follows that
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For i = a or ,L?, we partition the balanced realization ---
In other words, It is also observed that the balanced realization (A, B , C)
T B , C 7 -I ) is a balanced real-
is not a symmetric composite system as defined, though its structure still has a kind of symmetry. In fact, it represents an external system connected symmetrically to identical subsystems which are themselves connected symmetrically. Such class of systems has been studied by Yang and Zhang [YZ95b] for their structural properties. On the other hand, it is_in_ter_esting to realize that the system with realization (A, B , C), also having a symmetric composite structure, is similar to the balanced realization (A, a, C) via a diagonal transformation. That is, (A, B, C) is also a balanced realization of (A, B , C) with as the balancing transformation. This fact is especially important when forming the balanced reduced models. In the very special case when E, = Cp, the balanced realization (A, B, C) is also a symmetric composite
Model Reduction by Truncation
Let A(.) denote the spectrum of the matrix (.).
where C;, E Rki ' l C 6 ( k ; 2 0) under that condition that
Additionally, we require that
For model reduction based on a balanced truncation, the Hankel singular values in E,, and Cp, are those amongst the least in C (that is, the minimum Hankel singular value amongst C,, and Cp, is strictly greater than the largest Hankel singular value amongst E,, and C f i 2 ) . In this case, the order of the reduced model is k,+(N-l)kg.
Then we have the following theorem which gives an explicit construction of the balanced reduced-order models. former case corresponding to a preservation of the symmetric composite structure under a balanced truncation. These are described in the following corollary which can be obtained by directly examining these realizations in Theorem 2. balancing transformation.
0
4 Conclusions was shown that the balanced realization and its truncation generate a generalized symmetric structure which under some conditions, preserve the symmetric composite structure.
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